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It i s  shown tha t  the  A i n o l a  v a r i a t i o n a l  p r i n c i p l e  can  be  u s e d  to  s o l v e  the  t h i r d  b o u n d a r y - v a l u e  
p r o b l e m  of h e a t  conduc t ion .  

L.  Ya.  A i n o l a  has  g i v e n  a v a r i a t i o n a l  p r i n c i p l e  [1] for  s o l u t i o n  of the  f i r s t  and s e c o n d  h e a t - c o n d u c t i o n  
b o u n d a r y - v a l u e  p r o b l e m s .  H e r e  we s h a l l  show tha t  t h i s  p r i n c i p l e  can  be  u s e d  to s o l v e  the  t h i r d  l i n e a r  one-  
d i m e n s i o n a l  b o u n d a r y - v a l u e  p r o b l e m  which  is  f o r m u l a t e d  a s  

1 0 [~,(x) x~+_~ OT(x, "r) I OT(x, ~c) 
x m-~ Ox O~ = c9 (x) O ~  qo (x, "0, 

(1) 
a ~ x  < b, " r  

(m = 1, 2, 3 fo r  a p l a t e ,  c y l i n d e r ,  and  s p h e r e ,  r e s p e c t i v e l y )  u n d e r  t he  i n i t i a l  cond i t ion  

and the  b o u n d a r y  cond i t i on  

T(x ,  0 ) = ~ ( x ) ,  a < x < b  (2) 

;~ (a) OT (a, -r) 
ar  " + ~ [7~, (+) - r (a, -~)] = o ,  -~ > o ,  (3) 

--~,(b) OT(b, T) --i-az[Ta2(~c)--T(b, T ) ] = 0 ,  T > 0 .  (4) 
Ox 

Thus  we c o n s i d e r  the  v a r i a t i o n  of the  t e m p e r a t u r e  T only in  the  x d i r e c t i o n  and d u r i n g  the  t i m e  r when the  
t h e r m a I  c o n d u c t i v i t y  X and the  bu lk  s p e c i f i c  hea t  Cp depend  on x and the  body con ta ins  a bulk  h e a t - e v o l v i n g  
s o u r c e  of p o w e r  qv(X, 1-). The  c o n v e c t i v e  h e a t - t r a n s f e r  c o e f f i c i e n t s  a t and a 2 a r e  a s s u m e d  to be  cons tan t ,  
and the i n i t i a l  t e m p e r a t u r e  d i s t r i b u t i o n  T(x ,  0) = ~o(x) and the v a r i a t i o n  of the t e m p e r a t u r e s  in the a m b i e n t  
m e d i u m  Tat (T)  and Ta2(T) a r e  a s s u m e d  to be  con t inuous  f u n c t i o n s  tha t  t o g e t h e r  wi th  t h e i r  f i r s t  d e r i v a t i v e s  
s a t i s f y  the  b o n g r u e n c e  cond i t i ons  

~+ (a) qc' (a) . -  a~ ira, (0) - -  qc (a)] = 0, (5) 

- -  ~ (b) ~' (b) @ a~ [Ta.~ (0) - -  q0 (b)] = 0 .  (6) 

The  l ack  of such  c o n g r u e n c e  in the  f o r m u l a t i o n  of the  p r o b l e m  is  e a s i l y  r e m e d i e d  by the  c o m p u t a t i o n a l  
m e t h o d  d e s c r i b e d  be low.  

We i n t r o d u c e  the  new unknown func t ion  u(x, T) such  tha t  

T (x, T) = u (x, 'r) @ r (x) @ [Ta~ (c) - -  Ta, (0)1 (b - -  .v) ~" (2x + b - -  3a) @ 
(b - -  a p  

(x - -  a) 2 (3b - -  ~ - -  2x) (7) 
~-' [Ta, (z) - -  Ta~ (0)] 

( b -  ,+)3 

and then  r e d u c e  p r o b l e m  (1)-(4) to  h o m o g e n e o u s  i n i t i a l  and b o u n d a r y  c o n d i t i o n s :  

, 0 ix (x) x -i on(x, +) ] _ + (x) 0.(x, +) 
x "~-1 Ox Ox Or " - -  f (x, T) = O, (1') 

O r d z h o n i k i d z e  A v i a t i o n  Ins t i t u t e ,  Ufa.  T r a n s l a t e d  f r o m  I n z h e n e r n o - F i z i c h e s k i i  Zhurna l ,  Vol.  27, 
No. 2, pp.  351-357,  Augus t ,  1947. O r i g i n a l  a r t i c l e  s u b m i t t e d  D e c e m b e r  7, 1973. 

�9 76 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy of  this article is available from the publisher for $15.00. 

1 0 3 0  



where 

a < x < b ,  "c>O, r e = l ,  2, 3, 

u ( x ,  0 ) = 0 ,  a < x < b ,  (2') 

- -  ~(a) Ou (a,  ~) -!- ~ u  (a, r) = 0,  T > 0,  (3 ' )  
Ox 

~,(b)  O u ( b ,  "r) , ~z2u(b, T ) = 0 ,  r > 0 ,  (4')  
Ox 

f ( x ,  T) - -  C9(X) [Ta, (T) ( b - - x ) "  (2x q- b - - 3 a )  __ T a , ( ~ ) ( x - - a )  2 v 
(b - -  a) 3 

1 O 
• (3b- -  a - -  2x)] - -  q,, (x, T) x 'n-1 Ox {{"r )~ (x) {cO' (x) - -  

_~ 6 ( b - - a ) ( x - - a )  [Ta~(T)-  Ta (0) - -  Ta,(T)-i- Ta,(0)]}} . (8) 
( b -  a) ~ " " 

In a c c o r d a n c e  with [1] we se t  up the  funct ional  in u fo r  the  f in i te  t e m p o r a l  [0, t] and spa t i a l  [a, b] i n t e r -  
va I s  : 

! b 

x m - j  Ox ~ Ox - - - c o ( x )  & 
0 a 

- -  2 f  (x, T)I x " - I  u (x, t - -  "r) dxd'c. (9) 

I n t e g r a t i n g  the f i r s t  t e r m  on the r igh t  s ide  of (9) by p a r t s  with r e s p e c t  to x and us ing  (3') and (4') we obtain  
t b 

? ( ~ ' [  &(X,T) a . (x  , - -T)  
d (u) = --  ~ [ J L  "~. (x) 

,j Ox dx 
0 a 

-i- cp (x) Ou (x, "r) . u ( x ,  t - - z )  i - 2 f ( x ,  T) U(X, t - - ~ ) ] . ~ - l d x - [ -  
Or 

-i-- 2 [a~btn-lu (b, T) u(b, l - T) ala'n-Ju (a, T) u(a, t-=z)]} dT. (9') 

We r e p r e s e n t  the  v a r i a t i o n  of u(x, r )  by ~(x, r )  and m a k e  use  of the  c o n v o l u t i o n - s y m m e t r y  p r o p e r t y  to ob- 
t a in  the fol lowing f o r m  of v a r i a t i o n  fo r  the  g iven  funct ional :  

./ b 

,I .) "" Ox dx : cp(x) x 
0 a 

.x~ f lL (X, T)O:(X,aT,-- -T)  Ol~ (X,aT T,) ~ (X, ~ - -  T)I - !- 

-I 2 f ( x ,  T) ~(X, t - -T)} x"~- ldx- i -  2 [a2bm-hz(b, T.) ~(b,  t - - ' r )  !- 

-i %a"~-'.(a, T) ; (a ,  t---~)]}} aT. (10') 
Next,  we i n t e g r a t e  the  f i r s t  t e r m  in (10) by p a r t s  with r e s p e c t  to x: 

h 

f ~ (x) x "'-~ au (x, T) 
Ox a 

- - ~ ( a )  a ''-~ & ( a ,  T) 

Ox 

O~ (x, t - -  T )  dx  = ~ (b) b "~-I c)u (b, x) 
Ox - Ox - ~ (b, t - -  t) --- 

b 

- ; (a, t - -  ~ ) -  ~ & - x  Ox "< 
a 

;<: ; (x, t - -  T) dx  

and on the b a s i s  of the  convolu t ion  s y m m e t r y  a l so  e s t a b l i s h  tha t  
t t 

fU(X,  T ) a ~ ( X '  ~ - - T ) d T  f Ou(X' T) 
�9 OT OT 

Then  (10) t akes  the f o r m  

6 J =  2 

(x, t - -  T) & .  

~ ;  Ox - co (x) o ~  
0 a 

- - f ( x ,  T)}x"-l~.(x,  t - - T )  dx_}_b.~-i [X(b) Ou(b, ,) . 
- -  a x  - c  
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Ou(a, ~;) + +a2u(b, ~)] ~(b, t--~c) +am-~ [ - - k ( a )  

-F %.(a, ~)] ~(a, t--v)}} d~. 

Ox (11) 

Cons ide r ing  (11), we conclude  that  the funct ion u(x, r)  s a t i s fy ing  the condi t ion 5J  = 0 fo r  a < x < b, 0 < r 
< t is  a solut ion of the p r o b l e m  (1 ' ) - (4 ' ) .  

Fol lowing L. V. Kan to rov ich  [2], we seek  a so lu t ion  of (1 ' ) -(4 ' )  in the f i r s t  app rox ima t ion  in the f o r m  

u(x, ~) = g(x) ,(~), (12) 

whe re  g(x) is a known funct ion of the coord ina t e s  tha t  s a t i s f i e s  condi t ions  (3 ' ) -(4 ' ) ,  while ~(r) is the de-  
s i r e d  unknown t ime  funct ion sa t i s fy ing  the condi t ion r = 0. 

It is not  diff icul t  to  show that  fo r  our  p r o b l e m  in which u(x, T) is d e t e r m i n e d  in the f o r m  (12), the 
Eu le r  equat ion (the condi t ion for  s t a t i ona r i t y  of the functional)  will be 

A ,  (t - -  "0 - -  B~' (t - -  "0 - -  C (t - -  "0 = 0, 

whe re  

b 

A = .! [~.(x) xm-lg, (,)], g (x) dx; 
tI 

b 

B = ,!' co (x) x~n-lg 2 (X) dx; 
a 

b 

C (~) = .f f (x, ~) g (x) x ''-1 dx 
a 

Thus in f i r s t  a p p r o x i m a t i o n  the solut ion of (1)- (4) will  have the f o r m  

r (x, ~) -= g ( x ) ,  (~) + ~ (~) + [r~, ( ~ ) -  r~, (o)] • 

(b - -  x) 2 (2x _L b - -  3a) • (b--- a) a F [Ta, ('c) - -  Ta, (0)] (x - -  a)~(b(3b-- --a) aa - -  2x) 

The succeed ing  app rox ima t ions  a r e  found in l ike m a n n e r .  

To i l l u s t r a t e  the appl ica t ion  of the above,  let  us so lve  the one -d imens iona l  s y m m e t r i c  p rob l em of 
heat  conduct ion  when the ini t ial  t e m p e r a t u r e  T O of the  body and the ambien t  t e m p e r a t u r e  T a a r e  constant  
fo r  a body with cons tan t  t h e r m o p h y s i c a l  p r o p e r t i e s  k,  Cp having no s o u r c e  (sink) qv(x, r ) .  He re  we 
a s s u m e  ini t ia l ly  tha t  the t e m p e r a t u r e  of the med ium v a r i e s  f r o m  T O to Ta ove r  a sma l l  t ime  in te rva l  0 
<-- ~ ~ r0, only then (r 0 - r)  becoming  cons tan t :  

T ~  (T--T0) 2 @ T  a, 0.<~-.<%, 
T a (~) = T(~ " " 

T a, -% .~ T. 

Thus the c o n g r u e n c e  condi t ions  (5), (6) a r e  p rov ided .  Next we in t roduce  the d i m e n s i o n l e s s  coord ina te  
= x / l  o, the d i m e n s i o n l e s s  t ime  ~ = ar / l~ (a  = X/Cp),  and the d imens ion l e s s  in tens i ty  of heat  t r a n s f e r  (the 
Btot  number)  Bi = a~o/h  and a s s u m e  that  T(~, r)  = u(7/, T) + Ta(~). Then  our  p r o b l e m  takes  the f o r m  

~-i 0rl L'q'-i ] Ta (~), 
011 0'r 

- -1<~1<21,  T-~0, m=: 1, 2, 3, 

u(q, 0 ) = 0 ,  - - l < r l < l ,  

Ou (--1, :r-) 
- -  Biu( - -  1, ~-) = 0 ,  u  &l 

Ou(l, u 
~-Biu(1, ~ i = 0 ,  ~->0.  

�9 0'q 

It can  be shown that  so lu t ion  of the g iven  p r o b l e m  when 

(13) 

(14) 

(i5) 

06) 

= + l - n  ~ , ( ~ )  
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is  chosen  as  the  f i r s t  a p p r o x i m a t i o n  is  equ iva len t  to  so lu t ion  of the fol lowing Eu le r  equat ion:  

, '  (~) + a *  G) -- .1 vl  (~, (~7) 
2m 

where 
m (m -- 4) Bi (Bi + m --2) 

9 t =  2Bi 4-2 (,n --4) Bi -!- (m --2) (m + 4) 

2 ( r  o - r a )  (x - -%) ,  ~ < ~ o ,  
-- '2 

O, T ~  "%. 
Solving (17), we obta in  r We sha l l  not g ive  the  compu ta t i ona l  r e l a t i o n s h i p s  s e p a r a t e l y  fo r  0 -< r -< r 0 
and TO -< ~- but  sha t l  j u s t  g ive  the  f o r m u l a  fo r  O when T 0 - -  0 (to p e r m i t  c o m p a r i s o n  with the  c l a s s i c a l  so lu -  
t ions ,  and owing to s p a c e  l im i t a t i ons ) :  

0 (q, ~) ~ T 01, ~) - -  Ta bq + 1-- n 2 exp ( - -  ,% T). (18) 
T o -  T a -- 2m - ~  

S i m i l a r l y ,  t ak ing  

2 
u ( , ] ,  v-) -- ( Bi 

) (2 
. . . .  ! - -  n~" % (~) + Bi -------~ -r n ~ n2% (~-), 

fo r  the second  a p p r o x i m a t i o n ,  we obtain  

% (}-) _ m ~-. 6 Bi D Ta - -  T~ [(tat - -  ~) exp (--  fqT) - -  
8 Bi -,-2 F ~ - - - ~ t  

- -  (t% - -  t ~) exp ( - -  b% ~] , 

,~,2~)= (m@6)(m-:8)  Bi [Bi - -2 (m- -4 ) ]  T a - - T  o 

8 F b t.. - -  l& 
- -  bt~ exp ( - -  bt.. T)]. 

a f t e r  c a r r y i n g  out the  c o r r e s p o n d i n g  s t eps  fo r  70 ~ 0. In the  f o r m u l a s  fo r  ~9{~), 

D = (4-- m) Bi 2 -= 2 (4-- m) (m -~6) Bi + 8  (Sm +22), 
F = 3Bf" -- 6 (m +6)  Bi -= (m -76) (5m -722), 

= 4 ( m - : - 2 )  (m + 8 )  (Bi - - '2 )  [ B i + 2  (m +4)1  , 

D 

t h l =  (m q-2) (m --6) {2Bi 2 _ 4 ( m ~ _ 5 )  Bi + (m _+_4) (m @8) ~_ 
~t2 J F 

V m (m § 8) 
:: [2Bf~ + 4  (m --~ 5) Bi + (nz -74) (m -~8)]2-- (m +2)  (m -+-6) • 

+- ;< Bi [Bi -:-2 (m -:-4)1 FJ - 

(19) 

bq'exp ( - -  ~qTc) - -  (20) 

The quantities #0.5 in the first and second approximations coincide exactly with the exact values of the first 
root of the characteristic equations of heat conduction tabulated in [3]. The second root of the character- 
istic equations given in [3] differs negligibly from pg.5 (the discrepancy decreases from 6 to 0.1% as Bi de- 
creases). 

Analysis of the function @ = O(G v) of the second approximation for monotonicity in the region [~1] 
-< 0.5 and comparative digital-computer calculations show that the approximate values @ agree well with 
the exact values | for all ]3i when 

1 [ 3 l n Y ~ @ l n  ( M - ' - N ) , % - - M ~ ]  
T >  . 2 - - ~ t  -2- bq ( M - 7 N )  p t - - M ~  ' 

w h e r e  

2 - -  1 - -  q2 
Bi / 2 / 

M =  Biq-2 D; N = ( m - 7 8 ) ( B i - - 2 m = - 8 )  ~ + 1 - - ' ]  21 rl 2. 

In the r eg ion  h?l > 0.5 a s e c o n d - a p p r o x i m a t i o n  e r r o r  of l e s s  than  5% is o b s e r v e d  beginning at  ~- 
- -  0 . 0 5 .  
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For  the Bi = Bi(~) case ,  which is of p rac t i ca l  impor tance  in the rmophys ic s ,  if we use  the above 
approach and s y m m e t r i z e  the smooth  function B i d )  at the point t" on the in terva l  [0, 2t-], as  we did in [4], 
we obtain 

I 2 I m,+4 u (r 1, T-) = - -  Bi (~) -: 1-- ~ - - ~  exp 

in the f i r s t  approximat ion ,  where  

~, ( z )  = 

7" 
• v (?) Ta (?) exp m + 4 

2 
0 

m m+4 i ] v (z) dz 
2 

o 

o 

x 

Bi (z) [Bi (z) ~- m +2] 
2Bi 2 (z) + 2 (m +'~4) Bi (z) + (m ~ 2) (m -t- 4) 

P rob l ems  of this so r t  have so fa r  been solved only for  ce r ta in  Bi = Bi(~) dependences [5]. 

To conclude we note that  a s e p a r a t e  pape r  will be devoted to analyt ic  evaluation of the o r d e r  of con- 
ve rgence  and of the solution e r r o r  for  the app rox ima te  method used.  

N O T A T I O N  

| =iT(x, v)--T0]/[Ta--T0]  and T(x, T), T0and  T a 

x a n d ~  = x / / 0 ,  10 

T a n d ~  = aT/12o 
a = ?~/Cp and k, Cp 

qv(X, "r) 
a and Bi = ~10/X 

a r e  the d imens ion less  and dimensioned running t e m -  
p e r a t u r e s ,  the initial  t e m p e r a t u r e  of the body, and the 
ambient  t e m p e r a t u r e ;  
a r e  the d imensioned and d imens ion less  coordinates  of 
a point in the body and the cha r ac t e r i s t i c  length of the 
body; 
a r e  the dimensioned and d imens ion less  t ime;  
a r e  the t h e r m a l  diffusivity and t he rma l  conductivity, 
and the bulk spec i f ic  heat;  
is the power  of the bulk hea t -evolu t ion  source ;  
a r e  the h e a t - t r a n s f e r  coefficient  and the Blot number .  
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